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Jloka3 e€KBiBaJIeHTHOCT! O3HAaK JlanaMOepa i Koti B Teopil 
4YUCJIOBUX PAB 


In the paper it is shown that D’alembert’s test and Cauchy’s radical test are not independent one from another. It 
is proposed a transition scheme from one test to another and vice versa. The equivalence of the tests is proved 
for series with the monotonically decreasing terms. This fact is used to formulate a new test of the 
convergence for series with positive terms. The test is equivalent to Dalembert and Cauchy’s radical tests, but 
it has some advantages. It can be applied to any series within Cauchy-D’alembert’s theory. 
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B cTaTbe moka3aHo, 4TO Mpv3Hak JlanamOepa u paqukasIbHbIii mpv3snak Kou He ABJIAIOTCA He3aBHCHMbIMU 
pyr oT gpyra. IIpeasioxena cxemMa Mepexoga OT OJHOTO Mpv3Haka K ApyroMy. OKBUMBaJICHTHOCTb Npv3HaKOB 
WOKa3aHa JIA PAXOB C MOHOTOHHO yObIBalOlWMMM 4ieHaMH. OTOT (akT CMOIL30BaH JIA (POpMyMpOBKH 
HOBOTO IIPH3HaKa CXOJMMOCTH PATOB C MOJIOMKUTCJIBHbIMH WIeHaMH. Hospi TIPH3HaK SKBUBAJICHTCH TIPW3HaKkaM 
JlanamOepa u Kom, HO UMeeT HEKOTOPEIe MpeHMyLlecTBa — OH MOXKET MPMMeCHATECA K JOObIM pAZaM B 
pamkax Teopuu Komn-JlanamOepa. 

Kurouesble cs10Ba: p41, CXOAMMOCTS, Npv3Hak cpaBHeHHa, Mpu3Hak JlanamOepa, npu3Hak Kom, npeyer. 


Y cTatTTi 10Ka3aHo, Wo o3Haka JlanamOepa i pagqkayibHa o3Haka Komi He € He3alexKHUMU OHA BIT Apyrot. 
3alpornoHoBaHo CxeMy Tlepexoy Bi OFHiel O3HAKH JO Apyrol. ExBipasleHTHICTh O3HAaK JOBeLeHa JIA PALIB 3 
MOHOTOHHO perpecHuMH usteHamn. Lleti (bakT BHKOpHCTaH AIA (POPMYJIOBAHHA HOBO! O3HAKH 301KHOCTI PALIB 3 
O2aTHuMHU WieHamu. Hosa 03Haka eKBIBaJICHTHa O3HakaM J[anamOepa i Koti, ane Mae Weaky MepeBary BOHa 
MO2%Ke 3ACTOCOBYBaTHCA JO Oy Ib-AKHX PATIB B pamKax Teopii Komi-/lanamOepa. 

K.ro4osi c10Ba: pa, 30DKHICTb, O3Haka NOpIBHAHHA, O3Haka JlanamOepa, o3Haka Kolti, rpaHuia. 


Introduction 

Tests of the convergence of series with positive terms such as Cauchy’s and D’alembert’s 
tests are usually applied to quickly converging series. In the limit form for any series) U, >» 
u,, >0 these tests can be written down in the forms of inequalities [1]: 


lim 4/u, <1, u, 20, (1) 


n> 


lim “H1<1,4,>0. (2) 


n>n Y 
n 
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The first inequality is called Cauchy’s radical test, the second one is D’alembert’s test. For both 

tests the sign of equality means uncertainty in a question of convergence of the series. In that 

case additional research is required. They require of application of more " delicate " tests. 
The proof of both tests (1) and (2) are based on the comparison test with respect to the geo- 


. . 00 . . . 
metrical series Loan q',q<1. From this we can make a conclusion about equivalence of 


D’alembert’s and Cauchy’s tests. In the literature the direct connection between these tests is 
usually not considered, but only through the geometrical series (Figure. 1). 


D’alembert’s 
test 


Geometrical series 


Cauchy’s 
test 


Figure. 1 — The scheme of a connection between D’alembert’s and Cauchy’s tests 


In this work we will show a direct connection between D’alembert’s and Cauchy’s tests, 
moreover, how from one of the test follows another test and vice versa. 

In the course of the proof of the tests there is appeared one more form of the test, which 
is equivalent both to D’alembert’s and Cauchy’s tests. This test is no more than the refor- 
mulation of D’alembert’s and Cauchy’s tests, but it has some advantages in comparison with 
D’alembert’s and Cauchy’s tests. 


D’alembert’s test as a corollary from Cauchy’s radical test 
and vice versa 


Let us address to Cauchy’s radical test (1), and we will execute some 
transformations. We apply logarithm to both parts of the inequality (1) in(lim nu, )s In. It 


is clear, if limafu,, =0 the logarithm In( lim alu, does not exist. In that case the range of 
definition must be extended to In0 =—00 and the inequality remains fair. This moment of 
the proof can be avoided if to consider not the limit form of the test, but to consider the 
inequality fu, <1 beginning from some number VN, . 

A property of continuity of the function y=Inx allows inserting the logarithm sign 
after of the limit sign 


limIn"/u, <0= lim—" <0. 


no nao nh 
According to the necessary test we haveu,, > 0. Then, Inu, + —co at n—> oo. The limit has 
: 00 as ; ; ; 
uncertainty {2} and the conditions of L’ Hospital’s rule are satisfied if the terms of the se- 
co 
quence {u,} are monotonically decreasing. Therefore 


lim (Inw,) lim (u,) <0. 


no nh nro Y 
n 
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Let's represent the derivative (u,,) at n> as 

(u,) = Uns = Uu, (3) 
The proof of this formula is based on mean value Lagrange’s theorem [2]. Thus we suppose 
the sequence {w,,} 1s monotonically decreasing atm — oo. Only in this case the derivative is 


existed. 
After of the substitution of the expression (3) to the previous inequality we will receive: 
lim!“ <0 > lim “1 — lim“ <0 > lim“! <1, 


nao U,, nao Uu,, no U,, no Yy 


It is possible the reverse solution of the problem. Starting from D’alembert’s test (2) it is 
not difficult to get Cauchy’s test. We make a conclusion about of the equivalence of these tests. 
In any of the cases of the proof of the equivalence of the tests we receive an interme- 


diate product - the inequality lim(Inu, ) <0. 


A new test of a convergence of series with positive terms 


From the scheme of the proof of equivalence of D’alembert’s and Cauchy’s tests we have 
an inequality which can be considered as a new test 


lim(Inu,) <0 , u, >0. (4) 


The sign ‘=’ in the condition (4) means uncertainty as well as in Cauchy-D’alembert 
theory. The problem of a convergence needs in additional research, for example, to apply 
any other test of convergence. 

This remark in accuracy coincides with the cases in the tests (1) and (2). 

The proof of the test (4) can be done independently by using geometrical series 


u, >0 with the geometrical series 


n? 


» ae q' , ¢<1. Compare the given series yu 


m 2 Inu 
u,<q' > Inu, <Ing" =nlng>—* < Inq. 
n 

The right-hand side of the inequality is negative and in the limit at n > oo the rigorous 
sign in the inequality must be changed on non-rigorous one: 
lim <ing = lim ™™ <0 

noo n no nh 

If we apply L’ Hospital’s rule to the left-hand side of the inequality, we get the test (4). 

The test (4) contains derivative, therefore we can call the test as the differential form 
of D’alembert-Cauchy’s tests, or shortly, the differential test. This test can be applied to any 
series. Therefore we will consider some examples. 


n+2 


2"3./ 43nt5 


Example 1. To investigate the convergence of the series Ss 


Here, Inu, =In(n+2)-(n+3)In2 Sinn’ + 3n + 5) 


(inw,) = ee eae lim (Inu, ) =—In2 <0. The series is convergent. 
n 2 ’ n 
n+2 2(n +3n+5) nee 


© n+2 


1 Ae 4 Bi 5 


Example 2. To investigate the convergence of the series Ss 
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Here, Inu, = In(n +2)— Zino” +3n‘ +5) 


’ 6 3 : ’ 
(inu,) =——--_7 +2" jim(inw,) =0. The test does not work. 
2 n+2 3(n? + 3n* +5 aide 
Example 3. To investigate the convergence of the series }° : ; 2 = 
mn! 


Here, Inu, =n|Inn—nIne-Inn!, 


(In w, y =Inn+1-1- fe. =0, lim(Inw, ) = 0. The test does not work. 
n!} nwo 
Here the asymptotic formula ((n!) =n'Inn is used (APPENDIX). 

The first example shows an application of our test, the second shows, when the test has 
the same restrictions that D’alembert’s and Cauchy’s tests. The third example shows possibility 
of application of the test to series, which contain the factorial function 7! . 


Conclusions 


In the paper two main results are received. First, the equivalence of D’alembert’s and 
Cauchy’s tests is proved for monotonically series. It is shown, how from one of the test follows 
the other. 

In the process of the proof it has formulated a new test which is equivalent to 
D’alembert’s and Cauchy’s tests. We also have shown how the differential test arises from 
the comparison test with respect to the geometrical series. 

Now the scheme that was represented in the Fig. 1 becomes as it shown in the Figure. 2. 


D’alembert’s 
test 


New test 


“a 


Figure. 2. — The scheme demonstrates three equivalent tests 
As atule, D’alembert’s test is applied when series’ terms contain the factorial m! . Cauchy’s 


Cauchy’s 
itest 


test does not work in this case. The operation ”/n! is not defined. From this point of view 
D’alembert’s and Cauchy’s tests supplement each other. Our test can be applied in both si- 
tuations as in the case n! as in any cases as well. Our differential test is more universal than 
D’alembert’s and Cauchy’s tests, but it has a very important restriction. It can be applied 
only to series with monotonically decreasing terms. 


In the case of n! we propose to use the approximate formula (n!) ie n'lnn. This formula 
allows applying our test to such series for which there is the problem of a choice what test 
should be used: D’alembert’s or Cauchy’s test. 
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Application of our test is not more difficult than D’alembert’s and Cauchy’s tests and 
in many cases it is easier them. Once more we will emphasize that our test has no alternative 
in the case of application, because logarithm of a product or division of functions is equal to their 
sum and difference. Derivative of such objects is calculated simply even it is easier than for pro- 
duct and division. 


APPENDIX. The derivative of the factorial functionz!. 
Let's begin from Stirling’s formula 
1 1 139 
!=/2ann"e "| 1+—+ +——— + o(n")] , 
i ‘ [ Tan 288 * 31840n° | 


We will restrict ourselves only with of two first terms of the sum. We take logarithm 
of the equality 


Inu!=InV22m +Inn" +Ine” tn +} 
n 
Let's accept approximation In(I +1/ 12n) ~1/12n, then 
—— Inn! 
Inu! x In/27 Pate ee ee eee laa ie 
2 12n n! 2n 12n 


Then it follows that (n!) & nif inn + ee >| = nllnn. 
2n 12n° )n>>l 
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RESUME 
L.P.Mironenko 


The proof of an equivalence of D’alembert’s and Cauchy’s tests in 


the theory of numerical series 

In the paper it is shown that D’alembert’s test and Cauchy’s radical test are not 
independent one from another. It is proposed a transition scheme from one test to another 
and vice versa. The equivalence of the tests is proved for series with the monotonically 
decreasing terms. This fact is used to formulate a new test of the convergence for series 
with positive terms. The test is equivalent to Dalembert and Cauchy’s radical tests, but it 
has some advantages. It can be applied to any series within Cauchy-D’alembert’s theory. 
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